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Abstract 

An explicit solution in super Yang-Mills theory, which after T-duality describes two 
sets of D4-branes at angles, is constructed. The gauge configuration possesses 3/16 un- 
broken supersymmetry for the equal magnitudes of field strengths, and can be considered 
as the counterpart of the solution of D = 11 supergravity with the same amount of super- 
symmetry in the solutions given by Gauntlett et al. The energy of the Born-Infeld action 
of the gauge configuration gives further evidence for the geometrical interpretation as two 
sets of D4-branes at angles. The energy of super Yang-Mills theory is shown to coincide 
with that of M(atrix) theory. This fact shows that the configuration with 3/16 super- 
symmetry can be realized in M(atrix) theory, which describes two sets of longitudinal 
M5-branes (with common string direction) at angles. 
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Recently D-branes [[!]] have played a crucial role in revealing the nonperturbative 
structure of string theories and M theory. The low-energy effective dynamics of N coinci- 
dent D-branes may be described by super U(N) Yang-Mills theory ||. Furthermore, an 
interesting proposal has been put forward that a microscopic description of the M theory 
is provided by the large N limit of the compactified super Yang- Mills in the infinite mo- 
mentum frame ||. Thus a profound connection is emerging between string theory and 
gauge theories. 

In fact, with the identification of D-branes with various RR solitons, the properties and 
degeneracies of BPS states can be reflected in super Yang-Mills theory. The connection 
between D-branes and torons (instantons on a torus) was studied in P}|- ||10|| , where the 
gauge configurations have 1/2 or 1/4 unbroken supersymmetry. T-duality turns those 
to gauge configurations carrying only D2-brane charges, which relates the constraints on 
the existence of torons to geometrical constraints on the super symmetric configurations 
of intersecting D2-branes at angels Other related works on branes at angles 

preserving half or quarter supersymmetry have been given either from the string theory 
point of view in [11] or from supergravity in |12l-||15||. However, how to construct a super 
Yang-Mills solution on the torus T 8 , which after T-duality corresponds to intersecting 
D4-branes at angels, is unclear. 

On the other hand, a configuration of non-orthogonal two M5-branes with common 



string direction, as the solution of D = 11 supergravity, was discussed in [16, [L7|]. A 
remarkable feature of this solution is that it preserves 3/16 unbroken supersymmetry, 
a fraction not obtainable from orthogonal intersections ||18||-||23||. The 3/16 supersym- 
metry derives from the Sp(2) holonomy of hyper-Kahler 8-metrics. In the case of the 
IIA D4-branes, a pair of intersecting D4-branes preserves 3/16 supersymmetry if their 
orientations are related by a rotation in an Sp(2) subgroup of 50(8) commuting with 
multiplication by a quaternion. Specifically, the corresponding rotation matrix in the 
spinor representation can be chosen as [Ti 

1 



R = exp 



2# (r X2 + r 34 + r 56 + r 78 ) 



where it has been assumed that the D4-branes originally lie on 1357 directions, and the 
first D4-brane is rotated away from 1357 D4-brane along 2468 directions. 
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Now a natural question appears whether the above solution of D = 11 supergravity 
with 3/16 supersymmetry has a counterpart in super Yang-Mills theory on T 8 . In order 
to answer this question, we propose a special constant background field configuration 
in super Yang-Mills theory on T 8 , which, as we will see, breaks gauge group U(N) to 
U(l) x U(k), (I + k = N), and the resulting bound states may be denoted as {8666644}. 
The meaning of this notation is that it has one 8-brane charge corresponding to the 8- 
brane wrapped around the compact spatial directions (12345678), four 6-brane charges 
corresponding to 6-branes wrapped on (345678), (125678), (123478) and (123456) direc- 
tions, respectively, and two 4-brane charges corresponding to the 4-branes wrapped along 
(5678) and (1234) directions. Given this {8666644} configuration, we can use T-duality 
to relate it to a configuration carrying only 4-brane charges, in which one set of D4-branes 
is rotated off the (1357) 4-plane by rotations in the (12) and (34) planes, and the other 
set is rotated away from the (1357) 4-plane by the rotations in the (56) and (78) planes. 
By taking into account both the linear and nonlinear supersymmetries of the D-brane 
worldvolume theory, we find that the gauge configuration with the equal field strengths 
B 12 = -B34 = — B 56 = —B 78 preserves 3/16 unbroken supersymmetry indeed, but the 
other with B 12 = B 3i and B 56 = B 78 preserves only 1/8 supersymmetry. 

The energy of the gauge configuration is calculated by using the Born-Infeld action, 
which agrees with that obtained from geometrical consideration. The agreement shows 
that the bound state is a generalized "non-marginal" one, whose mass has the form 

m ~ vV } ) 2 + (q?) 2 + (q?) 2 + (# } ) 2 + v^) 2 + (q? ] ) 2 + (q?) 2 + (q?) 2 , (2) 

where g's are brane charges. This gives further evidence that after T-duality the gauge 
configuration can be interpreted as two sets of D4-branes at angles. To analyse the 
present configuration in the framework of the M(atrix) theory, the energy of super Yang- 
Mills theory is evaluated. It is found that the energy of super Yang-Mills theory matches 
that obtained from the M(atrix) theory in the N — > oo limit. This observation indicates 
that the solution with 3/16 unbroken supersymmetry can be realized in M(atrix) theory, 
which describes two sets of longitudinal M5-branes at relative angles with common string 
direction. 
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Let us start by considering the configuration with the backgrounds 
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= 0, 


A, 


= F u x 3 , 
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= F 56 x 5 , 
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= 0, 


A 8 


= F 78 x 7 , 



(3) 

on T 8 with sides of lengths a^, i = 1, • ■ • , 8. For the field strengths, we take constant 
diagonal ones which break U(N) to U(l) x U(k), (I + k = N), where the nonzero U(N) 
fields are of the form 

F±2 = B\2 Ul, -F34 = i? 3 4 Ul, 

F56 = B 56 U k , F 67 = B 78 Uk, (4) 

with 

Ui = diag. (lzxz,0 fcxfc ) , 

U k = diag. (0; x z, l fc xfc) • (5) 

By considering translations in 1, 3, 5, 7 directions, we can derive the flux quantization 
conditions ||] 

(0 (0 
Bi 2 aia 2 = 27r- p> -8340304 = 271 "-^-> 

(fc) (fe) 
B 56 a 5 a 6 = 2tt— , B 78 a 7 a 8 = 2vr— , (6) 



where n®, n®, n^, n$ are nonzero twists defined in p4 



From the Chern-Simons couplings of field strengths to the RR potentials [^, |26[ , we 
can show that the above configuration describes the bound state of {8666644}. It consists 
of one 8-brane (12345678); four 6-branes (345678), (125678), (123478) and (123456); and 
two 4-branes (5678) and (1234); and the corresponding charges are N, n®, ^34, n^, n?$, n^n^l/l 
and n^Qn 7 k Q /k, respectively. 

Describing as a connection on a bundle with trivial boundary conditions in di- 
rections 2, 4, 6 and 8, we can T-dualize in those directions to arrive at a configuration 
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comprising two sets of D4-branes. In each set, there are four kinds of D4-branes. The 



embeddings of these D4-branes are given by [ffl, 27 



_ F l2 xi _ 

_ F 56 x 5 _ F 78 x 7 

where (2ir) 2 a' = 1 is chosen. We can see that the T-dualized configuration describes the 
bound state of D4-branes denoted by (1357), (2357), (1457), (1367), (1358), (2457) and 
(1368), which are wrapped on the dual T 8 with the lengths b 2 = l/a 2 ,b 4: = l/a 4 ,6 6 = 
l/a 6 , b$ = l/a 8 for directions 2, 4, 6 and 8, and bi = a 1; 63 = a 3 , b 5 = a 5 , b 7 = a 7 for 1, 3, 
5 and 7 directions. In fact, these D4-branes given in eq. (|7|) can be divided into two sets 
described by 

Y (i) _ B 12 x 1 (jj _ B u x 3 Y (i) _ n ^(o _ n 

Xf = 0, Xf = 0, = Af } = ^. (8) 

2ir 2tt 

In each set, there are four sorts of D4-branes: 

Set A: (1357), (2357), (1457), (2457), 

Set B: (1357), (1367), (1358), (1368), 
and the corresponding charges are given by 

(0 (0 

n ii) _, n (i) __(Q n {l) -r,® O (0 - ni2%4 

V1357 — ') V2357 — "12 > V1457 — "-34) V2457 — ^ ? 

(fe) (fc) 

- 1. n( fc ) - n( fc ) - J k) n {k) - Um n?8 (q\ 

V1357 — ^5 V1367 — fi 56 5 V1358 — "78 i V1368 — 7 ■ l y J 

These D4-branes can be interpreted as a system obtained by two sets of D4-branes, 
the projections of whose charges onto the (1357) plane are / and k, respectively. One 
of them is rotated off the (1357) plane by rotations in the (12) and (34) planes. The 
other set is rotated away from the (1357) plane by the rotations in the (56) and (78) 
planes. The angles 9u, #34, 9^ and 6*78, which mix the directions (12), (34), (56) and 
(78), respectively, can be defined geometrically as 

xP B 12 „ Xi l) B. 



+ a "2 -°12 , a ^4 -°34 

tan6'i2 = = — , tan6'34 = = — . 

Xi 2rr x 3 2rr 

A 6 -D56 , n ^-8 -^78 



tan 56 = = — , tan6> 78 = = — , (10) 

X 5 Z7T X 7 Z7T 



where < B 2 i-i,2i < oo, i = 1, ■ ■ ■ , 4, i.e., < 9 2 i~i,2i < f ■ 

The volumes for D4-branes can be calculated from eqs. @ and (|9[) with 
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(0 (0 

-j 62O4O5O7 

(k) (k) 

n 56 n 78 



1368 



k 



bihb 6 b 8 . 



Ill 



12) 



Eq. ([0]) can be understood as the projections of the volume of the first set of rotated 
D4-branes along (1357), (2357), (1457) and (2457), and eq. (12) has a similar explanation. 
The above interpretation gives another definition for the angles 6*i 2 , 6*34, 9 5G and # 78 : 



tan# 



12 



tan 9 



:><; 



v 2357 
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yik) 

yik) ' 
K 1357 



tan# 



31 
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78 



y(l) 

y(l) ' 
v 1357 

yik) 

yik) ■ 
^1357 



(13) 



The combination of eqs. fllOl) and (|T~3D gives nothing but the flux quantization conditions 
in eq. (^). 

If the geometrical interpretation as two sets of D4-branes at angles is correct, the 
total volume of the system can be written as 



V 



By eqs. 
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TT|) and (|I3), this can be cast into 



V = 0,10,30,50,7 < / 
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(15) 

The mass of the bound state of D4-branes is then given by multiplying with 4-brane 
tension T 4 : 



m 



T 4 V 
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— O1O3O5OJ 
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(16) 
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where we have chosen a' = (2n)~ 2 , and g± is the string coupling on the dual torus T 8 . 

The above volume expression for two sets of D4-branes with relative angles can be 
shown correct by considering the energy of the Born-Infeld action for {8666644} config- 
uration 0, |7| 

E m = T 8 TiJ d 8 x^/-det MW^, (17) 
From eqs. (H) and (H), we find that this expression gives 
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BI 
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where g$ is the string coupling on T 8 . 

Comparing m with ^bj, we find that they are equal, which gives further evidence for 
the geometrical interpretation of two sets of D4-branes with relative angles. 

Before analysing the unbroken supersymmetry, one might be tempted to consider 
some kind of self-duality conditions in eight dimensions of the type 



(20) 



with Tn Upa a certain fixed four-form in eight dimensions. A large literature is devoted to 



this subject (see e.g. [|28|, ^9|, and references therein). Self-duality in eight dimensions 
indeed exhibits some remarkable properties: group-theoretical classification of possible 
four-forms T ViVpa has been presented, and an analogy of the ADHM construction has been 
shown to exist in some cases; the algebra of octonions plays a prominent role in some 
of these constructions. In the present case, we interpret the T-dualized configuration as 
rotations of two sets of D4-branes by an Sp(2) subgroup of SO (8), which was shown to 
be related via M-theory dualities to 8-dimensional hyper-Kahler manifolds, and this can 
be realized by choosing 
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where 



7 SU(N) 
ij 



,U(N) 



Lrj, F U(N) 

N 3 • 



(21) 



(22) 



Combining eqs. fl2~l"|) and (0), one gets 

B12 = B u = —B 5e = —B 78 , (23) 

which shows that the first set of D4-branes is rotated off (1357) along (12) and (34) 
planes with an angle 8, and the second set is rotated away from (1357) along (56) and 
(78) planes with the angle — 9. 

By taking into account both the linear and nonlinear supersymmetries of the D-brane 
worldvolume theory |3(J, we have 



S\ = T^F^e + e = 0. (24) 
From the expression for F^, we are lead to 

(5 12 r 12 + B u r u )e + e = o, 

(5 56 r 56 + 5 78 r 78 )e + e = 0, (25) 
which can be transformed by eq. (^) into 

e = -5 12 (r 12 + r 34 )e, 

Se = 0, (26) 

with 

e = r 12 + r 34 + r 56 + r 78 . (27) 

As discussed in [0, the eigenvalues of S 2 are 

-4(8,-), -16(2,+), 0(6,+). (28) 

The numbers in the parentheses are the multiplicities of the eigenvalues and the signs are 
those of the eigenvalues of r 12 345678- Of course, the zero eigenvalues of S 2 correspond to 
zero eigenvalues of E. Therefore there exist precisely 6 nonzero components of e, which 
implies preservation of y| x | = ^ supersymmetry. 

When = -634,-856 = B 78 , but B\ 2 and i? 56 are two independent variables, the 
condition (|25|) turns into 

(r 12 + r 34 )e = 0, (r 56 + r 78 )e = 0, e = o, (29) 



which shows that the configuration preserves 1/8 supersymmetry. This corresponds to 
the case that the rotation matrix in the spinor representation has the form 



R = exp 



\e (r u + r 34 ) + ~V> (r 56 + r 78 ) 



(30) 



where 9 and ip are generic angles. 

From the above discussion, we know that the first set of D4-branes rotates along (12) 
and (34) with angle 9 and the second set along (56) and (78) with angle —6, which is 



slightly different from that in [L7]] where the first D4-brane rotates along (12), (34), 
(56) and (78) planes with the same angle 9, but the second does not rotate. In fact, the 
spinor representation of the rotation matrix for the present configuration in eq. ( Effi) has 
the form IBfl 



R 



exp 



-W (r 12 



r 



31 J 



-Uk9 (r 56 



78, 



(31) 



which is different from that in [17]]. However, after redefining the killing spinor, we find 
that the constraints are equivalent. Rewriting R in eq. (0), the constraints are [|T?J 



<2 1 091357^ 

e 1 091357^ 



(32) 



If we define 



e' = e i 9 ( r 56+r78) e 



(33) 



where the independent numbers of components of e' and e are the same, then the condition 
(B2T) is rewritten as 



ro91357E 



e 0(ri2+r34+r 56 +r 78 ) e / _ £ / 



(34) 



which is exactly the same as that in p7| . Therefore, our T-dualized configuration with 
restriction £>i 2 = -B34 = — B 5e = —B 78 in super Yang-Mills theory is the counterpart of 
the solution of D = 11 supergravity with 3/16 supersymmetry found in [[U| |Hj . 

In the M(atrix) picture, our gauge configuration is the T-dual of the configuration 
{0222244} with 

n i2 n u/^ n m n n 4-branes wrapped on (1234) and (5678) directions; 
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n i2> n M-> n 56 3 n 7s 2-branes along (12), (34), (56) and (78) directions; and N 0-branes as 



always [[H], ^2| . 

Now we compare the energy of super Yang-Mills theory with that expected of this 
configuration of branes in M(atrix) theory. The U(N) Hamiltonian gives 



H 



YM 



Tr 



d xFij Fij 



n 



i=i 



1{B 2 12 + B 2 U ) + k(B 2 6 + B 



(35) 



^9yM9 J ^9yM9 

Noting that the configuration under discussion consists of two D4-branes of mass 



mi and m-2 (defined as the two terms in eq. (|16"D), the energy and 11-th momentum in 
M(atrix) theory in the infinite momentum frame are given by 



E 



m\ 



+ 



m 2 



p 



11 



(1) , (2) 

Pn+Pn, 



Pu 



I 



(2) 

Pn 



k 



(36) 



As discussed in f7|, the field theory limit of the configuration corresponds to taking 
dj to be of the same order of magnitude while sending a'/a2Ci4 and a'/a^ag to zero, and 
ra i2 n 34 A an d n 5G n 78 are of order 1 [|J. Thus when we expand in 1/N, the contribution 
from P2457 and V^q 8 can be ignored. Furthermore, in M(atrix) theory, the energy from 
0-branes has not been taken into account. In order to compare the energy of super Yang- 
Mills theory with that in M(atrix) theory, the contribution from original 0-branes, that is, 



V1357 and Vi35 7 in the present case, should be subtracted from E ||, |33| . This procedure 



r(k) 



gives the energy E in the N - 

E 



oo limit as 

l(B 2 2 + B 2 U ) + k(Bj 6 + B 2 S ) 



(37) 



where we have taken Ru = g s \/a' and g$ = g s I\i=i a* with g s being the string coupling. 
With the identification of the string coupling with the gauge coupling [|, |32| 



2 

9YM9 



we find 



E 



n 



i=i 



a; 



%9yM9 



l(B 



2itg s Y[ cti 
i=i 



B 2 " 1 '-^ 2 



-"34. 



+ k{B_ 



56 



B 78) 



in perfect agreement with the super Yang-Mills energy (|35|). 



(3? 



(39) 



If B12 = -B34 = — -B56 = —B 7S , the resulting configuration describes BPS-saturated 
bound state which preserves 3/16 unbroken supersymmetry. The match of energies in 
super Yang-Mills theory and in M(atrix) theory indicates that the solution with 3/16 
supersymmetry can be realized in M(atrix) theory, which is T-dual of two sets of longi- 
tudinal M5-branes (with common string direction) at angles. 

So far, the explicit solution in super Yang-Mills theory, whose T-dualized configura- 
tion corresponds to two sets of D4-branes with relative angles, has been constructed. The 
gauge configuration possesses 3/16 unbroken supersymmetry, and can be considered as 
the counterpart of the solution of D = 11 supergravity with the same amount of super- 



symmetry as discussed in [|16"| , [L?] . The energy of the Born-Infeld theory has shown that 
the geometrical interpretation of the T-dualized configuration as two sets of D4-branes 
at angles is quite reasonable. Also it has been found that the energy of super Yang-Mills 
theory coincides with that of M(atrix) theory (in the infinite momentum frame with the 
identification of the longitudinal momentum P\\ = N/Ru). These facts show that the 
configuration of the bound state with 3/16 unbroken supersymmetry can be realized in 
M(atrix) theory, which describes two sets of longitudinal M5-branes (with common string 
direction) at angles. 

It is known that if the number of ND-directions is eight, a fundamental string is 



created when two such orthogonal D4-branes cross |34j . With the above configuration at 
hand, one of interesting applications is to study whether a similar fundamental string will 
be created or not when two D4-branes at angles cross. Another speculation motivated 
by the above discussion is that more general solution in super Yang-Mills theory on T 8 , 
where the field strength is not necessarily constant and still describes (by T-duality) two 
sets of D4-branes at angles, might be expected. The work along this line is probably 
related to . As the moduli space is important in determining the spectrum of bound 
states, it would be interesting to discuss the moduli space of the above configuration, 
which presumably corresponds to eight-dimensional analogue of the well-studied moduli 
space of self-dual connections on four-manifolds. These problems will be further studied 
elsewhere. 
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